The number of inversions is an important statistic on permutation groups which measures the degree to which the entries of a permutation are out of order. In this article, we aim to provide a generalization of this statistic by introducing the statistic number of pseudoinversions on the colored permutation groups. The main motivation to investigate this new statistic is the possibility to use it to define a number system and a numeral system on the colored permutation groups. By means of the statistic number of i-pseudoinversions, we construct our number system, and a bijection between the set of positive integers and the colored permutation groups.
Introduction
The Lehmer code is a particular way to encode each permutation of n numbers. It is particularly an instance of a scheme for numbering permutations. A statistic over a group is a function from the group to the set of positive integers. One of the most studied statistic, which is the statistic used for the Lehmer code, is the number of inversions on the symmetric group S n defined by inv σ := # (i, j) ∈ [n] 2 | i < j, σ(i) > σ(j) . In this article, we give a generalization of this statistic on the colored permutation group in order to create a more general code. The colored permutation group of m colors and n elements is the wreath product U m ≀ S n of the group U m of all m th roots of unity by the symmetric group S n on [n]. We represent an element π of U m ≀ S n by
with σ ∈ S n and ζ k j = e For two integers i < j, we denote by i; j the integer set {i, i + 1, . . . , j} between i and j. 
And the number of pseudoinversions pinv π of a colored permutation π in U m ≀ S n is
Example 1. Consider the element π = 1 2 3 4 2 ζ 1 1 ζ 4 4 3 of U 5 ≀ S 4 . We have pinv 1 π = 1, pinv 2 π = 3, pinv 3 π = 9, pinv 4 π = 0, and pinv π = 13. We construct a number system by means of the cardinalities the groups U m ≀ S n , and the statistic pinv i . Definition 1.2. Take two sequences of strictly positive integers A = (A i ) i∈N and a = (a i ) i∈N . Then, the pair (A, a) is called a number system if, for every integer n of N, there exists k in N such that
and this representation of n in terms of A i 's and α i 's is unique.
Using formal power series, Cantor provided a condition for a pair of positive integer sequences to be a number system [1, §.2.]. In this article, we provide a more suitable condition for a pair of positive integer sequences to be a number system. Proposition 1.3. Let A = (A i ) i∈N and a = (a i ) i∈N be two sequences of strictly positive integers. The pair of sequences (A, a) is a number system if and only if A 0 = 1 and
(1 + a i ).
We prove Proposition 1.3 in Section 2.
is a number system.
Proof. We obtain the equality of Proposition 1.3 from
We particularly use the number system (G, g) in this article. The number G i is the cardinality of U m ≀ S i , and g i is the maximal value of pinv 1 relating to U m ≀ S i+1 . The factorial number system introduced by Laisant [2] corresponds to the case m = 1 of (G, g). We construct also a numeral system by means of the groups U m ≀ S n and the statistic pinv i . Definition 1.5. A numeral system is a mathematical notation for representing integers.
There exist several types of numeral systems depending on the historical context and the geographical location. We develop a numeral system based on the colored permutation groups.
Our numeral system stems from the following bijection. Theorem 1.6. Let n ≥ 1. The following map is bijective
We prove Theorem 1.6 in Section 3. The Lehmer code is based on the case m = 1.
Example 
Proof. The bijection of Theorem 1.6 implies that every element of U m ≀ S n has a unique representation in G, g n−1 . Then, we have
[mi] q .
Proof of Proposition 1.3
In this section, we prove the condition for a pair of sequences of strictly positive integers (A, a) to be a number system. Lemma 2.1. Suppose that (A, a) is a number system. Let n = α k · · · α 1 α 0 be a positive integer. Then,
Proof. It is clear that α k A k ≤ n. Suppose that n ≥ (α k + 1)A k which means
Then, there exist λ i such that 0 ≤ λ i ≤ α i and λ k−1 · · · λ 1 λ 0 = 1 k times 0 · · · 0 0. That contradicts the unicity of the representation. Lemma 2.2. Consider two sequences of strictly positive integers A = (A i ) i∈N and a = (a i ) i∈N . Then, the pair (A, a) is a number system if and only if A 0 = 1 and
Proof. Suppose that (A, a) is a number system. It is obvious that we must have A 0 = 1. From the second inequality of Lemma 2.1, we deduce that
From the first inequality of Lemma 2.1, we deduce that the only possibility is the equality
Then one can uniquely construct every positive integer by induction:
We can now proceed to the proof of Proposition 1.3:
Proof. From Lemma 2.2, we deduce that (A, a) is a number system if and only if A 0 = 1 and
3 Proof of Theorem 1.6
In this section, we prove that the map g : U m ≀ S n → G, g n−1 is bijective. In other words, for a number γ n−1 γ k−1 · · · γ 1 γ 0 , we prove that there exists a colored permutation
Lemma 3.1. Let γ i ∈ 0; g i . Then, there exist
• and π ∈ U m ≀ S n such that k n−i = k.
Proof. On one side, pinv n−i (U m ≀ S n ) = 0; g i . On the other side, from its definition, we have
We obtain the ζ k i 's associated to γ n−1 γ k−1 · · · γ 1 γ 0 from Lemma 3.1. It remains to determine the σ(i)'s.
Let s i := γ n−i − k(n − i + 1). We need n variables x 1 , . . . , x n to replace each each of them in x 1 > x 2 > · · · > x n with the corresponding σ(i). The notation x i ← σ(j) means we assign the value σ(j) to the variable x i . We implemente the following procedure from n down to 1:
For σ(n − 1),
• Else put
Recursively, for σ(j),
• Else, for every i ∈ n − j + 1; n − s j , put x i−1 ← x i , and put x n−s j ← σ(j): we obtain
At the end of this process, we obtain a complete order of the σ(i)'s which means their values.
Application to Cryptography
Here is an example of cryptographic coding based on Theorem 1.6. Suppose that we want to encrypt a mail of c characters written with l symbols including letters, numbers and space. Consider the colored permutation group U l ≀S c and its corresponding number system G, g c−1 . The mail can be considered as the element x = γ c−1 · · · γ 1 γ 0 of G, g c−1 where γ c−i is the symbol order of the i th character. Choose a key κ ∈ U l ≀ S c . We define the encrypting function e : G, g c−1 → U l ≀ S c by the function composition
The crypted message is then y = e(x). The decrypting function d : U l ≀ S c → G, g c−1 is defined by
.
